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Abstract
A capital letter means n × n matrix. Very recently, Fujii et al. show: For every A,B  0 and p  1
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holds for any s  0.
In fact, () yields Bebiano–Lemos–Providência inequality A 12 (A s2 BsA s2 ) ts A 12 
(log)
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1+t
2 for
s  t  0. As an extension of (), we show the following result. The following (i) and (ii) hold and they
are equivalent:
(i) For every A > 0, B  0, 0  α  1 and each t ∈ [0, 1], and any real number q /= 0{
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holds for s  1 and r  t , where β = α(1−t+r)
(1−αt)s+αr and h = (1−t+r)s(1−αt)s+αr .
(ii) If A  B  0 with A > 0, then for t ∈ [0, 1] and p  1
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(i) implies (). In fact, put t = 0, s = 1,qr = 1 in (i), then {Aq2 (A 12 BA 12 )αAq2 }
1+q
α+q 
(log)
A
1+q
2 B
α(1+q)
α+q ×
A
1+q
2 holds, and finally, replace B by Bp+s , A by As , α by 1p and also replace q by 1s , then we have the
desired ().
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1. Introduction
Following [1], let us define the log majorization for positive semidefinite matrices A,B  0,
denoted by A 
(log)
B if
k∏
i=1
λi(A) 
k∏
i=1
λi(B) for k = 1, 2, . . . , n − 1
and
n∏
i=1
λi(A) =
n∏
i=1
λi(B) i.e., detA = detB,
where λ1(A)  λ2(A)  · · ·  λn(A) and λ1(B)  λ2(B)  · · ·  λn(B) are the eigenvalues
of A and B, respectively, arranged in decreasing order. When 0  α  1, the α-power mean of
positive invertible matrices A,B > 0 is defined by
AαB = A 12
(
A
−1
2 BA
−1
2
)α
A
1
2 .
Further, AαB for A,B  0 is defined by AαB = lim↓0(A + I )α(B + I ).
For the sake of convenience for symbolic expression, we define AsB, for any real number
s  0 and for A > 0 and B  0, by the following:
AsB = A 12
(
A
−1
2 BA
−1
2
)s
A
1
2 ,
so that AsB in case 0  s  1 just coincides with the usual α-power mean AαB.
Let A,B  0 and 0  α  1. The famous Araki–Cordes inequality states that
(A
1
2 BA
1
2 )α 
(log)
A
α
2 BαA
α
2 holds and also Bebiano–Lemos–Providência inequality stated in [2]
that
A
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2
) t
s A
1
2 
(log)
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1+t
2 BtA
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2 holds for s  t  0.
Very recently, Fujii et al. [6, Theorem 2.1 and Corollary 2.2], have shown the following
interesting norm inequality:
Let A,B  0. Then∥∥∥A 12 (As2 Bp+sA s2 )A 12 ∥∥∥ p(1+s)p+s  ∥∥∥A 1+s2 B1+sA 1+s2 ∥∥∥ (1.1)
holds for all p  1 and s  0.
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In fact, (1.1) is essentially equivalent to the following Theorem A as an extension of both
Araki–Cordes inequality and Bebiano–Lemos–Providência one:
Theorem A [6]. For every A,B  0 and p  1
{
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2
) 1
p
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} p(1+s)
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2
holds for any s  0.
In what follows, in the rest of this chapter, a capital letter means a bounded linear operator on a
Hilbert space H . The famous celebrated Löwner–Heinz inequality asserts that A  B  0 ensures
Aα  Bα for any α ∈ [0, 1] and Aα  Bα does not hold for any α > 1, so that the following result
has been obtained from this point of view.
Theorem F. If A  B  0, then for each r  0
(i) (B r2 ApB r2 ) 1q  (B r2 BpB r2 ) 1q
and
(ii) (A r2 ApAr2 ) 1q  (A r2 BpAr2 ) 1q
hold for p  0 and q  1 with (1 + r)q  p + r.
The original proof of Theorem F is in [7], and alternative ones are on [3,11] and also an
elementary one-page proof in [8]. It is shown in [12] that the conditions p, q and r in Fig. 1 are
best possible. The following Theorem G interpolates Theorem F and an inequality equivalent to
the main result of Ando-Hiai log majorization [1].
Theorem G. If A  B  0 with A > 0, then for t ∈ [0, 1] and p  1
A1−t+r 
{
A
r
2
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2
)s
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2
} 1−t+r
(p−t)s+r (GFI)
for s  1 and r  t.
Fig. 1.
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The original proof of Theorem G is in [9], and alternative ones are in [4] and also an elementary
one-page proof in [10]. It is originally shown in [13] that the exponent value 1−t+r
(p−t)s+r of the right
hand of (GFI) is best possible and alternative ones are on [5,14].
We remark that both Theorem F and Theorem G hold on a complex Hilbert space.
In this short paper, we shall derive a log majorization equivalent to Theorem G in matrix case,
and also we shall generalize Theorem A as an application of this log majorization.
2. Operator inequality implying generalized Bebiano–Lemos–Providência one
Theorem 2.1. The following (i) and (ii) hold and they are equivalent:
(i) For every A > 0, B  0, 0  α  1 and each t ∈ [0, 1], and any real number q /= 0
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holds for s  1 and r  t, where β = α(1−t+r)
(1−αt)s+αr and h = (1−t+r)s(1−αt)s+αr .
(ii) If A  B  0 with A > 0, then for t ∈ [0, 1] and p  1
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{
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holds for s  1 and r  t.
Remark 2.1. (2.1) in (i) of Theorem 2.1 can be rewritten as follows: For every A > 0, B  0,
0  α  1 and each t ∈ [0, 1], and any real number q /= 0{
A
1+q
2 (A−1αB)A
1+q
2
}h 
(log)
A
1+q
2 {Aq(r−t)−1β(A−(1+qt)sB)}A 1+q2 (2.1′)
holds for s  1 and r  t , where β = α(1−t+r)
(1−αt)s+αr and h = (1−t+r)s(1−αt)s+αr .
Remark 2.2. Put q = −1 and replace A by A−1 in (2.1′), then (i) of Theorem 2.1 yields the
following result (a). Moreover, (a) implies (b) by putting t = 1 and r = s:
(a) For every A > 0, B  0, 0  α  1 and each t ∈ [0, 1]
(AαB)
h 
(log)
A1−t+rβ(A1−t sB)
holds for s  1 and r  t , where β = α(1−t+r)
(1−αt)s+αr and h = (1−t+r)s(1−αt)s+αr .(b) For every A,B  0, 0  α  1
(AαB)
r 
(log)
ArαB
r r  1.
In fact (a) is shown in [9, Theorem 2.1] and (b) is proved in [1, Theorem 2.1], which is a very
important result in log majorization.
Proof of Theorem 2.1. Proof of (ii). (ii) is Theorem G itself, which has been already obtained.
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(ii) ⇒ (i). As in the proof of [1, Theorem 2.1], by arranging the order of homogeneity in (2.1),
to prove (2.1) we have only to prove that A−q  (A 12 BA 12 )α for 0  α  1 and q /= 0 ensures
the following:
A−q(1−t+r) 
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2
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for s  1, t ∈ [0, 1] and r  t . Put A1 = A−q and B1 = (A 12 BA 12 )α . As A1  B1  0 with
A1 > 0, (2.2) ensures the following inequality for each t ∈ [0, 1]:
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for any s  1, and r  t and we have only to put p = 1
α
 1 in (2.4) to have (2.3).
(i) ⇒ (ii). Following analogous steps to those in the proof of Theorem 3.5 in [1], (i) implies
that if A−q1  (A
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2
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α holds for A1 > 0, B1  0, 0  α  1 and q /= 0, then for t ∈ [0, 1]
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holds for s  1 and r  t . Put A = A−q1 and B = (A
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α
. Then A  B  0 with A > 0
and (2.5) becomes
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holds for s  1 and r  t . Put p = 1
α
 1 in (2.6) and we have
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Corollary 2.2. The following (i), (ii) and (iii) hold and they are equivalent:
(i) For every A,B  0, 0  α  1 and any real number q /= 0
{
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holds for any r  0.
(ii) If A  B  0, then for p  1
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A
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holds for any r  0.
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(iii) For every A,B  0, p  1 and any real number q /= 0
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(2.9)
holds for any r  0 and s  0.
Proof. (i) ⇔ (ii). Put t = 0 and s = 1 in (i) and (ii) of Theorem 2.1.
(i) ⇒ (iii). In (i), replace B by Bp+s , A by As , α by 1
p
for p  1 and s  0, then we have (iii).
(iii) ⇒ (i). In a similar way as (i) ⇒ (iii). 
Corollary 2.3. The following (i), (ii) and (iii) hold and they are equivalent:
(i) For every A,B  0 and 0  α  1
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holds for any q  0.
(ii) If A  B  0, then for p  1
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(iii) For every A,B  0 and p  1
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holds for any s  0.
Proof. (i) Choose a positive number q with qr = 1 in (i) of Corollary 2.2.
(iii) Put r = s and choose a positive number q with qs = 1 in (iii) of Corollary 2.2. 
Remark 2.3. We remark that (i) of Theorem 2.1 is “log majorization equivalent to Theorem G in
matrix case”, and (i), (iii) of Corollary 2.2 and also (i), (iii) of Corollary 2.3 are all considered as
“log majorization equivalent to an essential part of Theorem F in matrix case”. Needless to say,
(iii) of Corollary 2.3 is Theorem A itself. And the equivalence between (i) and (iii) in Corollary
2.3 is essentially shown in [6].
Acknowledgments
We express our cordial thanks to Professor M. Fujii, Professor R. Nakamoto and Professor M.
Tominaga for sending their preprint [6] before its publication. Also we express our sincere thanks
to two referees for pointing out many misprints and typos.
348 T. Furuta / Linear Algebra and its Applications 426 (2007) 342–348
References
[1] T. Ando, F. Hiai, Log majorization and complementary Golden–Thompson type inequalities, Linear Algebra Appl.
197–198 (1994) 113–131.
[2] N. Bebiano, R. Lemos, J. da Providência, Inequalities for quantum relative entropy, Linear Algebra Appl. 401
(2005) 159–172.
[3] M. Fujii, Furuta’s inequality and its mean theoretic approach, J. Operator Theory 23 (1990) 67–72.
[4] M. Fujii, E. Kamei, Mean theoretic approach to the grand Furuta inequality, Proc. Amer. Math. Soc. 124 (1996)
2751–2756.
[5] M. Fujii, A. Matsumoto, R. Nakamoto, A short proof of the best possibility for the grand Furuta inequality, J.
Inequal. Appl. 4 (1999) 339–344.
[6] M. Fujii, R. Nakamoto, M. Tominaga, Generalized Bebiano–Lemos–Providência inequalities and their reverses,
Linear Algebra Appl., in press, doi:10.1016/j.laa.2007.03.033.
[7] T. Furuta, A  B  0 assures (BrApBr )1/q  B(p+2r)/q for r  0, p  0, q  1 with (1 + 2r)q  p + 2r ,
Proc. Amer. Math. Soc. 101 (1987) 85–88.
[8] T. Furuta, Elementary proof of an order preserving inequality, Proc. Japan Acad. 65 (1989) 126.
[9] T. Furuta, An extension of the Furuta inequality and Ando-Hiai log majorization, Linear Algebra Appl. 219 (1995)
139–155.
[10] T. Furuta, Simplified proof of an order preserving operator inequality, Proc. Japan Acad. 74 (1998) 114.
[11] E. Kamei, A satellite to Furuta’s inequality, Math. Japon. 33 (1988) 883–886.
[12] K. Tanahashi, Best possibility of the Furuta inequality, Proc. Amer. Math. Soc. 124 (1996) 141–146.
[13] K. Tanahashi, The best possibility of the grand Furuta inequality, Proc. Amer. Math. Soc. 128 (2000) 511–519.
[14] T. Yamazaki, Simplified proof of Tanahashi’s result on the best possibility of generalized Furuta inequality, Math.
Inequal. Math. 2 (1999) 473–477.
